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Abstract 

We find necessary and suflicient conditions for the foliation defined by 
level sets of a function f{xi, Xn) to be totally geodesic in a torsion-free 
connection and apply them to find the conditions for d-webs of hyper- 
surfaces to be geodesic, and in the case of flat connections, for d-webs 
(d > n + 1) of hypersurfaces to be hyperplanar webs. These conditions 
are systems of generalized Euler equations, and for fiat connections we 
give an explicit construction of their solutions. 

1 Introduction 

In this paper we study necessary and sufficient conditions for the foliation de- 
fined by level sets of a function to be totally geodesic in a torsion-free connection 
on a manifold and find necessary and sufficient conditions for webs of hyper- 
surfaces to be geodesic. These conditions has the form of a second-order PDE 
system for web functions. The system has an infinite pseudogroup of symme- 
tries and the factorization of the system with respect to the pseudogroup leads 
us to a first-order PDE system. In the planar case (cf. [I]), the system coincides 
with the classical Euler equation and therefore can be solved in a constructive 
way. We provide a method to solve the system in arbitrary dimension and flat 
connection. 



2 Geodesic Foliations and Flex Equations 

Let M" be a smooth manifold of dimension n. Let vector fields 9i, ...,9„ form 
a basis in the tangent bundle, and let u)^, ..^lu^ be the dual basis. Then 

k 



1 



for some functions c^^- G C°° [M] , and 

Kj 

Let V be a linear connection in the tangent bundle, and let T'^j be the Christoffel 
symbols of second type. Then 



where Vi =^ Vg. , and 



In [T] we proved the following result. 

Theorem 1 The foliation defined by the level sets of a function f{xi,...,Xn) 
is totally geodesic in a torsion-free connection V if and only if the function f 
satisfies the following system of PDEs: 



E( p/c /fc . pfc fk _ /pfe I pfe N /fc \ 

(1) 



^^{fi) d,{fj) + dj{fi) ^ djifj) fk , ^fc A ^^fe , ^-fe ^ /- 

fc 

/or aZZ i < j,i,j = 1, ...,n; /lere /i = 
We call such a system a /Zex system. 

Note that conditions ([T]) can be used to obtain necessary and sufficient con- 
ditions for a d-web formed by the level sets of the functions fa{xi, ■ ■ ■ , Xn), ct = 
1, . . . , c?, to be a geodesic d-web, i.e., to have the leaves of all its foliations to 
be totally geodesic: one should apply conditions ([T]) to the all web functions 

fa ; — 1, . . . , d, 

2.1 Geodesic Webs on Manifolds of Constant Curvature 

In what follows, we shall use the following definition. 

Definition 2 We call by (Flex f)ij the following function: 
(Flex = f^fu - 2/,/,/., + fffjj, 

2 , 



df d^f 
where i,j — 1, n, fi = — — and fij — 



dxi dxidxj 



It is easy to see that (Flex f)ij — (Flex f)ji, and (Flex f)ii = 0. 
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Proposition 3 Let (R",g) be a manifold of constant curvature with the metric 
tensor 

_ dxl + ... + dxl 
il + K{xl + ...+xl)f' 

where k is a constant. Then the level sets of a function f{xi, are geodesies 
of the metric g if and only if the function f satisfies the following PDE system: 

for all i, j. 

Proof. To prove formula ([2]), first note that the components of the metric 
tensor g are 

ga = &^ 5y = 0, i ^ j, 

where 

b 



1 + k{xI + ... + xl)' 
It follows that 

We compute F^^, using the classical formula 



yk ^ 1 fci ( dgu dgij_ _ dgij_ s 

2^ \dx3 dx' dx^ I ^ ' 



and get 



r*^ = 2KXkb, k^i- = ^2Kx,b- T% ^0,i,j^k,i^ j; 
T'lj = ~2KXjb, iy^j; T^^ = -inxib, i ^ j. 

Substituting these values of r*^, into the right-hand side of formula ([T]), we 
get formula ([2]). ■ 

Note that if n = 2, then PDE system ([2]) reduces to the single equation 

2^(a;i/i+a;2/2)(/f + 
^""^ l + ti{xl+xl) 

where Flex / = (Flex /)i2- 

This formula coincides with the corresponding formula in [1] . 
We rewrite formula ^ as follows: 



^^^ = 2.6^../.. (4) 
•'J k 

The left-hand side of equation @ does not depend on i and j. Thus we have 
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for any k, and I. 
It follows that if 



(Flex ^ (Flex f)ki 
f! + ff Il + ff 



(Flex /)y = 



(5) 



for some fixed i and j, then ([5]) holds for any i and j. 
In other words, one has the following result. 



Theorem 4 Let W be a geodesic d-web on the manifold (R", g) given by web- 
functions {f^ f^} such that {f^) + (/f ) ^ for all a — 1, ...,d and k,l = 
1, 2..., n. Assume that the intersections ofW with the planes {xi^ , Xj^) , for given 
io and jo, are linear planar d-webs. Then the intersection of W with arbitrary 
planes {xi,Xj) are linear webs too. 



2.2 Geodesic Webs on Hypersurfaces in 

Proposition 5 Let {M, g) C M" be a hypersurface defined by an equation Xn = 
u (xi, a;„_i) with the induced metric g and the Levi-Civita connection V. 
Then the foliation defined by the level sets of a function f (xi, x„_i) is totally 
geodesic in the connection V if and only if the function f satisfies the following 
system of PDEs: 



(Flex /), 



Ml/l + ■■■ + Un-lfn-1 , r2 



"^fifjUij + fi Ujj). 



(6) 



note that the metric induced by a surface 



ri-l 



Proof. To prove formula 

Xn = U{X1, ... , Xn-l) iS 

g = ds^ — ^^(1 + u\)dx1. + 2 UiUjdxidxj . 

k=i ■ij=i{i=ij) 

Thus the metric tensor g has the following matrix: 

/ l + v" ^ 



UiU2 



U2U1 



Un-lU2 



UiUn-1 



U2Un-l 



1 + ut 
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and the inverse tensor g ^ has the matrix 



/ n-l 
k=2 



k=l 



-U1U2 



\ 



-U2U1 



-Un-lUi 



-Un-lU2 



-UiUn-1 



-U2Un-l 



fc=l 



Computing r*^. by formula ([3]), we find that 



ij " 



Uk'^ij 



i + E(i+«fc) 

k=l 

Applying these formulas to the right-hand side of ([T]), we get formula 
We rewrite equation ([6]) in the form 



(Flex /), 



Ulfl + ... + Unfn 
1 +U? + ... +uH 



(7) 



It follows that the left-hand side of ([7]) does not depend on i and j, i.e., we 
have 

(Flex ^ (Flex f)ki 

ffuii - 2f.JjUij + ffujj ffukk - 2fkfiUki + flm 

for any i, j, A: and I. This means that iJ 

(Flex /)y = 

for some fixed i and j, then 

(Flex f)ki = 

for any k and I. 

In other words, we have a result similar to the result in Theorem 

Theorem 6 Let W be a geodesic d-web on the hypersurface {M, g) given by 
web functions {/\. ...,/''} such that {fj)uii - 2/f/°Uy -t- {ftfujj ^ 0, for 
all a = l,...,rf and k,l = l,2...,n. Assume that the intersections of W with 
the planes {xig,Xjg) , for given io and jo, are linear planar d-webs. Then the 
intersection ofW with arbitrary planes (xi,Xj) are linear webs too. 
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3 Hyperplanar Webs 

In this section we consider hyperplanar geodesic webs in R" endowed with a 
flat linear connection V. 

In what follows, we shall use coordinates xi, . . . ,Xn in which the Christoffel 
symbols F^^^, of V vanish. 

The following theorem gives us a criterion for a web of hypersurfaces to be 
hyperplanar. 

Theorem 7 Suppose that a d-web of hypersurfaces, d > n + 1, is given locally 
by web functions fa{xi, . . . , a — \, d. Then the web is hyperplanar if and 
only if the web functions satisfy the following PDE system: 

(Flex f)st = 0, (8) 

for all s < t ~ I, ...,n. 

Proof. For the proof, one should apply Theorem 1 to all foliations of the 
web. ■ 

In order to integrate the above PDEs system, we introduce the functions 
As = s = l,...,n- 1, 

fs+l 

and the vector fields 

d d 
Xs = As^ , s = 1, ...,n - 1. 

axs oxs+i 

Then the system can be written as 

Xs {At) = 0, 

where s, i = 1, .., n — 1. 
Note that 

if the function / is a solution of ([S]). 

Hence, the vector fields Xi, X„_i generate a completely integrable [n — 1)- 
dimensional distribution, and the functions Ai, A„_i are the first integrals 
of this distribution. 

Moreover, the definition of the functions A^ shows that 



=0, s = l,...,n-l, 



also. 

As a result, we get that 
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for some functions 

In these terms, we get the foUowing system of equations for /: 

OXs OXs+1 

or 

where 5'„_i ~ <i>„-i, and 

for s = 1, n — 2. 

This system is a sequence of the Eulcr-type equations and therefore can be 
integrated. Keeping in mind that a solution of the single Euler-type equation 

is given by the implicit equation 

where uo{Xn) is an initial condition, when Xg = 0, and is an arbitrary 
nonvanishing function, we get solutions / of system ([8|) in the form: 

/ = UO {Xn + "ifn-l if) Xn-1 + ' ' ' + *1 (/) a;i) , 

where Uo(a;„) is an initial condition, when xi — ■ ■ ■ — a;„_i = 0, and ^'^ are 
arbitrary nonvanishing functions. 

Thus, we have proved the following result. 

Theorem 8 Web functions of hyperplanar webs have the form 

f^Ua [Xn + (/) Xn-1 + ' ' ' + *1 (/) ^i) , (10) 

where uo{xn) are initial conditions, when xi — ■ ■ ■ — Xn-i — 0, and ^I's are 
arbitrary nonvanishing functions. 

Example 9 Assume that n — 3, fi{xi, X2, x^) = Xi, f2{^iT ^3) = 
/3(xi,a;2,a;3) = 0:3, and take = 2:3, *i(/4) = /|, *2(/4) = A in 
Then we get the hyperplanar A-web with the remaining web function 



X2-l± \/ix2 ~ 1)2 - AxxX-i 

It follows that the level surfaces fi = C of this function are defined by the 
equation 

xi{C'^xi - Cx2 + 2:3 + C) = 0, 
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i.e., they form a one-parameter family of 2-planes 

C^xi -CX2+X3 + C = 0. 

Differentiating the last equation with respect to C and excluding C, we find that 
the envelope of this family is defined by the equation 

{X2f ~ 4:XiX3 - 2X2 + 1 = 0. 

Therefore, the envelope is the second-degree cone. 

Example 10 Assume that n = 3, fi{xi, X2, X3) — xi, f2ixi, X2, X3) — X2, 
/3(a^i,a;2,2:3) = X3, and take uq = a;3,^'i(/4) = l,vI/2(/4) = /| in (W^i. Then 
we get the linear A-weh with the remaining web function 



2X2 J ' 

The level surfaces fn = of this function are defined by the equation 

X2(X1 +C^X2 +X3 - C) = 0, 

i.e., they form a one-parameter family of 2-planes 

xi + C^X2 + X3 - C = 0. 

Differentiating the last equation with respect to C and excluding C, we find that 
the envelope of this family is defined by the equation 

4xiX2 + 4x2X3 — 1 = 0. 

Therefore, the envelope is the hyperbolic cylinder. 

In the next example no one foliation of a web W3 coincides with a foliation 
of coordinate lines, i.e., all three web functions are unknown. 

Example 11 Assume that rt = 3 and take 

(i) uoi = X3, *i(/i) = fl, *2(/i) = /i; 

(ii) uo2 = a:^3,^'i(/2) = l,*2(/2) = /|; 

(iii) U03 = xl, *i(/3) = /3, *2(/3) = 1; 

(iv) U04 = 2:3, *i(/4) = ■^2Ui) = h 

in (jJOp . Then we get the linear A-web with the web functions 



, _ X2 - 1 ± V(X2 - ly - 4xiX3 
/I — 7^ : 

2xi 

/l + , /I - 

/2 = 



1±^1-4X2(X1+X3) 
2X2 
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(see Examples\^ and llU^ and 

, _ ,1 ± ^^T^^Ax^Jx^Txsj 2 
- ^ 2^, > ' 

u - ■ 

1 ~ Xi ~ X2 

It follows that the leaves of the foliation Xi are tangent 2-planes to the 
second-degree cone 

{X2f - Axixs - 2X2 + 1 = 

(cf. Example \^ and IJOj) . the leaves of the foliation X2 and X3 are tangent 
2-planes to the hyperbolic cylinders 

AxiX2 + 4x2X3 — 1 = and 4xiX2 + 4xiX3 — 1 = 

(c/. Examvle and the leaves of the foliation are 2-planes of the one- 
parameter family of parallel 2-planes 

Cxi + CX2 + X3 = 1, 

where C is an arbitrary constant. 
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